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software. In fact, estimating software reliability
accurately is not easy although there are a number of
software reliability growth models that can be used
for the analysis of software failure data in testing.
They usually require a large number of failures to get
a reasonably accurate estimate of the reliability. It is
useful to be able to estimate the reliability growth in
the testing phase at an early stage, so that
appropriate planing regarding the release time, price
and additional resource can be made.
In this paper, we present an approach for an
early estimation of software reliability in the testing
phase. Particularly, we focus on the problem of the
non-existence of maximum likelihood estimates which
makes the traditional approach not applicable in
many cases. This problem has been addressed in a
number of papers, see, e.g., Knafl [3], Knafl and
Morgan [4]and Hossain and Dahiya [5], but there is
no applicable solutions to it except that we are
warned of the possibility of non-existence and
advised not to estimate the reliability until we have a
sufficient number of failure data making the
estimation possible.
Our method relies on the use of information from
similar projects that have gone through the testing, so
that some information about the testing efficiency
and reliability growth rate can be obtained. The GoelOkumoto model is used in this paper as an example,
although the approach is equally applicable to other
two-parameter software reliability growth models.
Our approach gives similar results as the traditional
estimation approach using the maximum likelihood
method without using information from previous
projects, except that our approach is much easier to
use and no numerical technique is required.
Furthermore, our approach gives a much more stable

Abstract
The traditional approach of reliability prediction
using software reliability growth models requires a
large number offailures which might not be available
at the beginning of the testing. The commonly used
maximum likelihood estimates may not even exist or
converge to a reasonable value. In this paper, an
approach of making use of informationji-om similar
projects in order to obtain an early estimation of one
model parameter for a current project is studied. As
most of the two-parameter reliability growth models
contains one parameter related to the number of
faults in the software and a reliability growth rate
parameter related to the testing eflcienq, information
from a similar project can used to estimate the
reliability growth rate parameter and the limited
failure data @om initial testing is used to estimate the
other parameter. Our case study shows that this
approach is very easy to use as the estimation does
not require a numerical algorithm and it always
exists. It is also very stable and when the maximum
likelihood estimates exist and are reasonable, our
approach gives values very close to that, and the
approximate confidence interval is overlapping for
most cases.

1. Introduction
Reliability of software is of growing importance
in systems engineering and analysis today, see e.g.,
Musa et al. [lo] and Lyu [7]. For complex system
containing software and hardware, most system
engineers know what to do with the hardware, but are
not aware of means to predict the reliability of

1071-9458/97 $10.00 0 1997 IEEE

116

estimate of the parameters, and last but not least, it
can be used to estimate the reliability growth at a
very early stage of the testing phase. That is, there is
no problem with the existence of the solution and we
do not have to wait until we have a large number of
failures for the estimation.
This paper is organized as follows. In Section 2
we present a detailed discussion of the problem with
the maximum likelihood estimation when used to
software reliability growth models. In Section 3, an
approach for the estimation of parameters based on
their physical interpretation is presented and
discussed. The approach is very easy to use in
practice. A numerical example is shown in Section 4
to highlight the applicability of the approach.
Furthermore, in Section 5, we derive the statistical
confidence interval and present a comparative study
with the traditional approach.

L(n1,...,nk) =

By taking the natural logarithm of both sides, we
have
InL(n1, ...,nk) =

2. Problem with the traditional approach
The most commonly used approach for the
estimation of software reliability is by using a
software reliability growth model, o r a
nonhomogenuous Poisson process (NHPP) model
with the mean value function p(f), see, e.g., Xie [13]
and Musa [lo]. For a good reference on NHPP
software reliability growth models, see Yamada and
Qsaki [14]. These models usually contain two or
more parameters. The parameters in the model can be
estimated using the maximum likelihood method
based on the number of failures per interval or the
time between failure data.
Suppose that an observation interval ( O , t , ] is
d i v i d e d into a s e t o f s u b i n t e r v a l s
(0, t , ] ,(tl ,t2 ] ,...,( f k - 1 ,t k 3 , the number of failures
per subinterval is recorded as M~ (i = 42, ...,k) with
respect to the number of failures in (ti-l,ti 1
Note that because the available data that we are
using in our case study is inform of failure per period
data, the approach will be presented based on this
type of data although it can be easily modified for the
case of exact failure time data such as the execution

The partial derivative of this with respect to each
model parameter can be taken and set to be zero, so
that a set of likelihood equations are obtained. Solving
the equations, we can obtain the so-called maximum
likelihood estimates of the model parameters.
However, although this is a sound statistical
approach, a problem with this approach when it is
applied in practice is that there might be no solution
to the maximum likelihood equations, especially at
the early stage of software testing. This problem has
been noticed in Knafl [3] and Morgan and Knafl [9],
among other. It also happens frequently that when
the solution exists, it is not stable in a sense that
when new data is collected, the revised estimates are
totally different from previous estimate, making the
use of it in planning very difficult.
A common procedure recommended or used in
practice is to wait until we have a large number of
failures and the estimation should then be carried out.
On the other hand, we may not know for how long
we should wait and when an estimate can be
obtained, it is possible that after the next time
interval, there is again no solution to the likelihood

time data.

equations. This, in reality, implies that we have to

The likelihood function for a NHPP model with
mean value function &t) given the number of failure
per period data is

wait until the end of testing before an estimation is
possible although in practice, we need earlier

a

117

prediction for better planning of the redevelopment
process, see, e.g., Smidts et al. [ 121.
In a number of papers, Knafl [3) and Knafl and
Morgan [4] have tackled this problem from a
statistical viewpoint. They have derived conditions
for the existence of the maximum likelihood estimates
and it can be used to determine whether the
parameter should be estimated. However, this does
not address the problem of non-existence of the
maximum likelihood estimates and some alternative
solutions are needed for practical applications.
The problems can be illustrated with an actual
data set using the Goel-Okumoto model. The GoelOkumoto model is a simple nonhomogenuous
Poisson process (NHPP) model, see e.g., Goel and
Okumoto 121, Nara et al. 1111 and Yamada and Osaki
[14]) with the following mean value function

Since the second equation above is nonlinear, we
cannot find an analytic solution and it must solved
numerically.
In fact, for the simple Goel-Okumoto model,
there might be no solution at all for the likelihood
equations. The solution, when it exists, is often not
stable in a sense that when another failure is
- observed,
_
new estimates can be totally different from
the previous one. These problems are also common
for other software reliability growth models. In fact,
the likelihood function is very flat in the region of an
optimal solution. Furthermore, there are convergence
problem depending on the search algorithm we use.
As an illustration, we apply the method to a set
of software failure data in Table 1 which is collected
from the testing of a large telecommunication
software system.

Table 1. Number of failures per week for a
telecommunication software.

In using this model, the parameter U is interpreted
as the number of initial faults in the software and the
parameter b is the fault detection rate which is related
to the reliability growth rate in the testing process.
The corresponding failure intensity function is given
by

a ( t )= abe-’”
For the Goel-Okumoto model, the likelihood
equations are

Solving the above equation, we get
The maximum likelihood estimates are given in
Table 2. It can be noted that the estimates have both
instability and non-existence problems and it is not
until 24th week, the estimates start to stabilize. This
is very late in the testing phase and decision-making
is difficult as probability the release date has already
be decided by that time.
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It can be noted that the parameter b of the GoelOkumoto model can be interpreted as the testing
efficiency and it is related to the reliability growth
rate in the testing. Hence, if the same well-defined
process, and test methods and tools are used, it can
be expected that the value of b remains the same. If
we have earlier similar projects or earlier versions of
the software tested in an similar environment, we
could probably assume that the value of b is stable
across software projects.
It should be noted here that this is the
assumption we are using in this preliminary study
and it has to be validated in practice. However,
because of the interpretation of b as error detection
rate, which depends on how the testing is carried out,
for similar projects which means that the software
systems are developed and testing during similar
environment, we can expect the value of this
parameter to be close to each other.
Denote the parameters in the Goel-Okumoto
model by (al,bl) and (a2,b2) for system one and two,
respectively. We assume that the information about
system one is available, and system two is developed
in a similar environment as system one. In this case,
the maximum likelihood estimate for parameter a2 can
be easily determined as follows:

Table 2. The ML estimates of the model
parameter for the data set in Table 1.
Note that prior to the 12th week,
the ML estimates do not exist.

3. An alternative approach for estimation
of the model parameters
given that b1=b2.
It can be noted that when the reliability growth
rate parameter is estimated using earlier information,
the estimate of the other parameter is more
straightforward. No numerical procedure is needed
and whenever we have some failure data, the
reliability growth curve can be plotted. Although it
might not be very accurate at the beginning, it is much
more useful than the traditional maximum likelihood
estimation without using prior information for which
the numerical solution may not converge or there
might be no solution at all.
It can be expected that when more data are
available, we may still have to revise our estimate.
However, as no numerical solution is needed, the
revision can be carried out easily.
Furthermore, as can be seen in ah-. example later,
our estimation is also much mor? stakIe at z later

In this section, we present an approach for early
estimation of the model parameters, and hence enable
us to estimate software reliability earlier. This
approach and its background are discussed here and a
numerical example to illustrate its application is
presented in Section 4 using an actual case study.
Furthermore, we also derive the confidence interval
for the estimates and compare with the traditional
maximum likelihood estimates in Section 5.
Software reliability estimation could be made
much easier if there is a way to obtain an estimate for
b, From Section 2, we know that the two parameters
a and b of the Goel-Okumoto model can be estimated
by solving the likelihood equations. Parameter a is a
simple hnction of parameter b, but the equation for
solving the parameter b is nonlinear and it can only be
solved numerically.
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and the estimate of parameter a2 for the second
project can be determined by

stage when we have sufficient amount of data for the
estimation using the maximum likelihood method. In
practice, estimates that vary greatly might cause a lot
of practical problems when planning has to be
constantly changed and a stable estimate can be more
trustworthy.

k

a2 =

4. A case study
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i=l
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Table 3. Number of failures per week
for a previous system.

Here we present a case study for which we have
used the information from an earlier project for the
estimation of the reliability of a current project. The
current system is a telecommunication software and
it has been tested for 28 weeks.
The actual failure data from the second project is
given in Table 1. In Table 2, we have given the
maximum likelihood estimates of the parameters and
we have noticed that the estimates are not stable at all
and in many instances, they do not even exist. Even
in cases when they exist, they are not stable in a
sense that totally different values can be obtained and
this makes the use of the estimation technique and
the result not convincing.
For this particular system, the information for an
earlier system is available. The earlier system was
developed in a similar environment and testing using
the same methodology and hence, we could expect
that the testing efficiency or reliability growth rate to
be close to that of the current system. For the earlier
system, the number of failures per week data is
shown in Table 3. The maximum likelihood estimates
of a and b are 199.48 and 0.098076, respectively.
These values are based on the complete data set
available by the end of testing and hence can be
considered reasonably accurate.
After the release of the first system, the current
system started to be developed and it has been tested
for 28 weeks. The complete data set is given in Table
1. The traditional approach is to analyze this data set
independently. However, since we have the
information from the earlier system, we should make
use of such information in making reliability
prediction. The method presented in Section 3 is used
here.
Note that in this case

Table 4 shows the estimate of parameter a2
given that b2=bl at different time points during the
testing phase. It is clear that the values are much
more reasonable and useful than that presented in
Table 2.

b, = b, = 0.098076

120

information is more stable. Interestingly, our
approach gives an estimate of a that is very close to
the overall maximum likelihood estimate without
using any earlier information.
For the sake of comparison, a 95% confidence
interval for the prediction of parameter a can be
constructed. To obtain the confidence limits, we can
_calculate the asymptotic variance of the maximum
likelihood estimator of parameter a which is the
inverse of the local Fisher information, see e.g.,
Lawless (1 982),

Table 4. Parameter a2 estimation
assuming b, = b,

.

For a given confidence level a, the two-sided
confidence interval for parameter a is

and
a*

=L3+za,24G@

where Za/2is the [100(l+a )/2]th standard normal
percentile.
For the given a =0.05, we have that

A statistical comparison with the case of no prior
information will be made in the next section. It can be
noted at this time that the estimation of a is very
straightforward in this case and there it no need for
solving a nonlinear equation for which the
convergence might be a problem. Although there
seems to be a decreasing trend in this case, we will
show that the estimate of a is actually more stable
compared with the case when we the information
from the earlier project is not used.

So the 95% confidence intervals for parameter a2
using parameter b2 = b, are listed in Table 5.
As can be seen from Table 5, because of the
limited data available, the confidence intervals are
usually very wide. This actually stresses the
applicability of this simple earlier estimation
approach: the maximum likelihood estimates based on
limited information is not accurate and any reasonable
alternatives will probably not be very bad. In
reliability estimation, we should use confidence
interval as often as possible because that will give a
better indication of the level of reliability achieved.

5. A comparative study and the
confidence interval
In order to compare the results with the case when no
prior information from earlier projects are assumed,
we estimate parameter a2 and b2 of the GoelOkumoto model for system 2 for the latest eight
weeks (week 21 to week 28). The results are
presented in Table 4.Comparing Table 2 and Table 4,
it can be seen that the estimate using prior

5. Discussion
In this paper we have presented a practical
approach for the estimation of software reliability at
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the earlier stages of software testing. it overcomes the
problem with the existence of the estimate when
using the maximum likelihood method. As it makes
use of the interpretation of the model parameter and
information from similar projects, it is easy to accept
and the results are very promising based on the case
study in which we have used the approach and
compared with the traditional approach.

to determine the exact condition, such as the exact
meaning of "similarity", the approach can be used, it
is an indication that such an approach is feasible in
practice. For practitioners, this approach opens a
new way to make use of information from different,
but similar projects. When the development process
is stable, our approach can be adopted. As judgments
_are based on earlier experience, our approach
provides an objective way of making use of available
information.

Table 5. The 95% confidence interval for
parameter a, assuming b, = b,

.
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